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ON SIMPLE LABELLED GRAPH C∗-ALGEBRAS
JA A JEONG†‡ AND SUN HO KIM‡
Abstract. We consider the simplicity of the C∗-algebra associated to
a labelled space (E,L, E), where (E,L) is a labelled graph and E is
the smallest accommodating set containing all generalized vertices. We
prove that if C∗(E,L, E) is simple, then (E,L, E) is strongly cofinal, and
if, in addition, {v} ∈ E for every vertex v, then (E,L, E) is disagreeable.
It is observed that C∗(E,L, E) is simple whenever (E,L, E) is strongly
cofinal and disagreeable, which is recently known for the C∗-algebra
C∗(E,L, E0,−) associated to a labelled space (E,L, E0,−) of the smallest
accommodating set E0,−.
1. Introduction
Given a directed graph E = (E0, E1) with the vertex set E0 and the edge
set E1, the C∗-algebra C∗(E) generated by the family of universal Cuntz-
Krieger E-family is associated (see [6, 7, 8] among others). A Cuntz-Kriger
algebra can now be viewed as a graph C∗-algebra of a finite graph. It is well
known that a graph C∗-algebra of a row finite graph E is simple if and only
if the graph E is cofinal and every loop has an exit ([6]).
Let E be a directed graph and A be a countable alphabet. If L : E1 → A
is a labelling map, we call (E,L) a labelled graph. If B ⊂ 2E
0
is an accom-
modating set for (E,L), there exists a labelled graph C∗-algebra C∗(E,L,B)
associated to the labelled space (E,L,B) ([3]). Graph C∗-algebras and more
generally ultragraph C∗-algebras ([9, 10]) are labelled graph C∗-algebras
([3]).
The simplicity of a labelled graph C∗-algebra C∗(E,L,B) is considered in
[4] when B is the smallest accommodating set E0,−. Using the generalized
vertices that play the role of the vertices in a directed graph one has the
useful expression of the elements of a dense set in C∗(E,L, E0,−). But a
generalized vertex does not necessarily belong to the accommodating set
E0,−. In this paper we consider the simplicity of the labelled graph C∗-
algebra C∗(E,L, E) where E is the smallest accommodating set containing
the generalized vertices.
We first review in the next section the definition of a graph C∗-algebra
(from [6, 7]) and a labelled graph C∗-algebra (from [3, 4]) to set up the
notations. Then we show in section 3 that if a labelled graph C∗-algebra
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C∗(E,L, E) is simple, the labelled space (E,L, E) is strongly cofinal (Theo-
rem 3.8). If, in addition, {v} ∈ E for each v ∈ E0, it is shown that (E,L, E)
is disagreeable (Theorem 3.14). The fact that if a labelled space (E,L, E) is
strongly cofinal and disagreeable then C∗(E,L, E) is simple can be obtained
by a slight modification of the proof of [4, Theorem 6.4] (Theorem 3.16).
2. Labelled spaces and their C∗-algebras C∗(E,L,B)
A directed graph E = (E0, E1, r, s) consists of the vertex set E0, the edge
set E1, and the range, source maps rE , sE : E
1 → E0. We shall simply
refer to directed graphs as graphs and often write r, s for rE , sE . By E
n
we denote the set of all finite paths λ = λ1 · · ·λn of length n (|λ| = n),
(λi ∈ E
1, r(λi) = s(λi+1), 1 ≤ i ≤ n − 1). We also set E
≤n := ∪ni=1E
i and
E≥n := ∪∞i=nE
i. The maps r and s naturally extend to E≥1. Infinite paths
λ1λ2λ3 · · · can also be considered (r(λi) = s(λi+1), λi ∈ E
1) and we denote
the set of all infinite paths by E∞ extending s to E∞ by s(λ1λ2λ3 · · · ) :=
s(λ1).
A labelled graph (E,L) over a countable alphabet set A consists of a
directed graph E and a labelling map L : E1 → A. We assume that L is
onto. For a finite path λ = λ1 · · ·λn ∈ E
n, put L(λ) = L(λ1) · · · L(λn).
Similarly, we put L(E∞) = {L(λ1)L(λ2) · · · | λ1λ2 · · · ∈ E
∞}. For a path
α = α1 · · ·αn ∈ E
≥1 ∪ L(E≥1) and 1 ≤ k ≤ l ≤ n < ∞, we set α[k,l] :=
αk · · ·αl (and α[k,∞) := αkαk+1 · · · for α ∈ E
∞ ∪ L(E∞)). The range and
source of a labelled path α ∈ L(E≥1) are subsets of E0 defined by
rLE(α) = {r(λ) | λ ∈ E
≥1, L(λ) = α}, sLE(α) = {s(λ) | λ ∈ E
≥1, L(λ) = α}.
(For both a labelled graph and its underlying graph, we usually use the same
notation r and s to denote range maps rE , rLE and source maps sE, sLE .)
The relative range of α ∈ L(E≥1) with respect to A ⊂ 2E
0
is defined to be
r(A,α) = {r(λ) | λ ∈ E≥1, L(λ) = α, s(λ) ∈ A}.
If B ⊂ 2E
0
is a collection of subsets of E0 such that r(A,α) ∈ B whenever
A ∈ B and α ∈ L(E≥1), B is said to be closed under relative ranges for
(E,L). We call B an accommodating set for (E,L) if it is closed under
relative ranges, finite intersections and unions and contains r(α) for all α ∈
L(E≥1). If B is accommodating for (E,L), the triple (E,L,B) is called a
labelled space. A labelled space (E,L,B) is weakly left-resolving if
r(A,α) ∩ r(B,α) = r(A ∩B,α)
for every A,B ∈ B and every α ∈ L(E≥1). If (E,L,B) is weakly left-
resolving and A, B, A \B ∈ B, then it follows that for α ∈ L(E≥1)
r(A \B,α) = r(A,α) \ r(B,α). (1)
But (1) may not hold if A\B /∈ B as we see in Example 2.4. For A,B ∈ 2E
0
and n ≥ 1, let
AEn = {λ ∈ En | s(λ) ∈ A}, EnB = {λ ∈ En | r(λ) ∈ B},
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and AEnB = AEn∩EnB. We write Env for En{v} and vEn for {v}En, and
will use notations like AE≥k and vE∞ which should have obvious meaning.
A labelled graph (E,L) is left-resolving if for all v ∈ E0 the map L : E1v →
L(E1v) is bijective (hence L : E≤kv → L(E≤kv) is bijective for all k ≥
1). A labelled space (E,L,B) is said to be set-finite (receiver set-finite,
respectively) if for every A ∈ B the set L(AE1) (L(E1A), respectively)
finite.
Definition 2.1. ([3, Definition 4.1]) Let (E,L,B) be a weakly left-resolving
labelled space. A representation of (E,L,B) consists of projections {pA :
A ∈ B} and partial isometries {sa : a ∈ A} such that for A,B ∈ B and
a, b ∈ A,
(i) pA∩B = pApB and pA∪B = pA + pB − pA∩B, where p∅ = 0,
(ii) pAsa = sapr(A,a),
(iii) s∗asa = pr(a) and s
∗
asb = 0 unless a = b,
(iv) for A ∈ B, if L(AE1) is finite and non-empty, then
pA =
∑
a∈L(AE1)
sapr(A,a)s
∗
a.
It is known [3, Theorem 4.5] that if (E,L,B) is a weakly left-resolving la-
belled space, there exists a C∗-algebra C∗(E,L,B) generated by a universal
representation {sa, pA} of (E,L,B). We call C
∗(E,L,B) the labelled graph
C∗-algebra of a labelled space (E,L,B).
Assumption 2.2. Throughout this paper, we assume the following.
(a) E has no sinks, that is |s−1(v)| > 0 for all v ∈ E0, and (E,L,B) is
set-finite and receiver set-finite.
(b) If e, f ∈ E1 are edges with s(e) = s(f), r(e) = r(f), and L(e) =
L(f), then e = f .
Remark 2.3. Let C∗(E,L,B) be the labelled graph C∗-algebra of (E,L,B)
with generators {sa, pA}. Then sa 6= 0 and pA 6= 0 for a ∈ A and A ∈ B,
A 6= ∅. Note also that sαpAs
∗
β 6= 0 if and only if A ∩ r(α) ∩ r(β) 6= ∅. Since
we assume that (E,L,B) is set-finite and E has no sinks, by [3, Lemma 4.4]
and Definition 2.1(iv) it follows that
pA =
∑
σ∈L(AEn)
sσpr(A,σ)s
∗
σ for A ∈ B and n ≥ 1
and
C∗(E,L,B) = span{sαpAs
∗
β | α, β ∈ L(E
≥1), A ∈ B}.
For v,w ∈ E0, we write v ∼l w if L(E
≤lv) = L(E≤lw) as in [4]. Then
∼l is an equivalence relation on E
0. The equivalence class [v]l of v is called
a generalized vertex. Let Ωl := E
0/ ∼l. For k < l and v ∈ E0, [v]l ⊂ [v]k
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is obvious and [v]l = ∪
m
i=1[vi]l+1 for some vertices v1, . . . , vm ∈ [v]l ([4,
Proposition 2.4]).
Let E0,− be the smallest accommodating set for (E,L). Then
E0,− = {∪mk=1 ∩
n
i=1 r(βi,k) | βi,k ∈ L(E
≥1)}
(see [4, Remark 2.1]). Also every accommodating set B for (E,L) contains
E0,−. By [4, Proposition 2.4], every generalized vertex [v]l is the difference
of two sets Xl(v) and r(Yl(v)) in E
0,−, more precisely,
[v]l = Xl(v) \ r(Yl(v)),
where Xl(v) := ∩α∈L(E≤lv)r(α) and Yl(v) := ∪w∈Xl(v)L(E
≤lw) \ L(E≤lv).
The following example shows that
r([v]l, a) 6= r(Xl(v), a) \ r(r(Yl(v)), a),
in general.
Example 2.4. Consider the following weakly left-resolving labelled space
(E,L, E0,−):
· · · • •//
•
•
44
**
•
•
•
**44
44
**
•//
%%
99 •//
a
a
b
b
c
c
d
d
d
e
v1
v2
v3
v4 · · ·
Since {v1, v2} = r(ab), {v2, v3} = r(ac), and {v2} = {v1, v2} ∩ {v2, v3},
we have {v1, v2}, {v2, v3}, {v2} ∈ E
0,−. From X2(v1) = {v1, v2}, Y2(v1) =
{c, ac} and r(Y2(v1)) = {v2, v3}, we have
r(X2(v1), d) \ r(r(Y2(v1)), d) = {v4} \ {v4} = ∅.
But X2(v1) \ r(Y2(v1)) = {v1} = [v1]2 /∈ E
0,− and r([v1]2, d) = r({v1}, d) =
{v4} 6= ∅.
3. Simplicity of a labelled graph C∗-algebra C∗(E,L, E)
Recall ([4]) that a labelled space (E,L,B) is l-cofinal if for all x ∈ L(E∞),
[v]l ∈ Ωl, and w ∈ s(x), there are R(w) ≥ l, N ≥ 1, and finitely many
labelled paths λ1, . . . , λm such that for all d ≥ R(w) we have
r([w]d, x[1,N ]) ⊆ ∪
m
i=1r([v]l, λi)
Since [w]d′ ⊂ [w]d whenever d ≤ d
′, we may restate the definition of an
l-cofinal labelled space as follows.
Definition 3.1. Let (E,L,B) be a labelled space.
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(a) ([4]) (E,L,B) is l-cofinal if for all x ∈ L(E∞), [v]l ∈ Ωl, and w ∈
s(x), there are d ≥ l, N ≥ 1, and a finite number of labelled paths
λ1, . . . , λm such that
r([w]d, x[1,N ]) ⊆ ∪
m
i=1r([v]l, λi).
(E,L,B) is cofinal if there is an L > 0 such that (E,L,B) is l-cofinal
for all l ≥ L.
(b) (E,L,B) is strongly cofinal if for all x ∈ L(E∞), [v]l ∈ Ωl, and
w ∈ s(x), there are N ≥ 1 and a finite number of labelled paths
λ1, . . . , λm such that
r([w]1, x[1,N ]) ⊂ ∪
m
i=1r([v]l, λi).
Every strongly cofinal labelled space is cofinal. Note that (E,L,B) is not
cofinal if and only if there is a sequence l1 < l2 < · · · of positive integers
such that (E,L,B) is not li-cofinal for all i ≥ 1. But, in fact, we have the
following.
Proposition 3.2. A labelled space (E,L,B) is cofinal if and only if it is
l-cofinal for all l ≥ 1.
Proof. If the labelled space is l-cofinal for all l ≥ 1, obviously it is cofinal.
For the converse, it suffices to show that if (E,L,B) is not l-cofinal, it is not
l′-cofinal for all l′ > l. To see this, first note that (E,L,B) is not l-cofinal
if and only if the set △l of triples (x, [v]l, w) of x ∈ L(E
∞), [v]l ∈ Ωl, and
w ∈ s(x) such that
r([w]d, x[1,N ]) * ∪
m
i=1r([v]l, λi)
for all d ≥ l, N ≥ 1, and a finite number of labelled paths λ1, . . . , λm
is nonempty. Suppose (E,L,B) is not l-cofinal and (x, [v]l, w) ∈ △l. If
(E,L,B) is l′-cofinal for l′ > l, then there are d ≥ l′, N ≥ 1, and a finite
number of labelled paths λ1, . . . , λm such that
r([w]d, x[1,N ]) ⊆ ∪ir([v]l′ , λi).
But this contradicts to (x, [v]l, w) ∈ △l since ∪ir([v]l′ , λi) ⊆ ∪ir([v]l, λi). 
Notation 3.3. Let E denote the set of all finite unions of generalized vertices.
Then by [4, Proposition 2.4],
E0,− ⊂ E = {∪mi=1[vi]l | vi ∈ E
0, m, l ≥ 1}.
For the proof of the following proposition it is helpful to note that if
[v]l ∩ [w]k 6= ∅, then either [v]l ⊂ [w]k or [w]k ⊂ [v]l.
Proposition 3.4. Let (E,L) be a labelled graph such that
r(A,α) ∩ r(B,α) = r(A ∩B,α) (2)
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for all A,B ∈ E and α ∈ L(E≥1). Then E is a weakly left-resolving accom-
modating set such that A \ B ∈ E for A,B ∈ E. If (E,L, E0,−) is weakly
left-resolving and [v]l ∈ E
0,− for all v ∈ E0 and l ≥ 1, then E = E0,−.
Proof. Clearly E is closed under finite intersections and unions. We show
that E is closed under relative ranges. For this, note first that A \ B ∈
E , A,B ∈ E0,− ([4, Proposition 2.4]). Since the two sets [v]l and r(Yl(v))(∈
E0,−) are disjoint, if s(α) ∩ [v]l 6= ∅ and s(α) ∩ r(Yl(v)) 6= ∅, then by (2),
r([v]l, α) ∩ r(r(Yl(v)), α) = r([v]l ∩ r(Yl(v)), α) = ∅.
Hence r([v]l, α) = r(Xl(v), α) \ r(r(Yl(v)), α) ∈ E since both r(Xl(v), α) and
r(r(Yl(v)), α) belong to E
0,−. For an arbitrary C = ∪ni=1[vi]l ∈ E ,
r(C,α) = r(∪ni=1[vi]l, α) = ∪
n
i=1r([vi]l, α) ∈ E .

The labelled space (E,L, E0,−) in Example 2.4 is weakly left-resolving, but
(E,L, E) is not weakly left-resolving since for {v1} = [v1]2,∈ E , {v3} =
[v3]2 ∈ E we have
r({v1} ∩ {v3}, d) = ∅ 6= {v4} = r({v1}, d) ∩ r({v3}, d).
We will consider only weakly left-resolving labelled spaces (E,L, E) for the
rest of this paper, so Example 2.4 is excluded from our discussion.
Recall that a graph E is locally finite if every vertex receives and emits
only finite number of edges.
Proposition 3.5. Let E be a locally finite graph and (E,L, E) be a weakly
left-resolving labelled space such that |r(a)| =∞ for an a ∈ A. Suppose that
for each v ∈ E0, [v]l is finite for some l ≥ 1. Then the projection p[v]l of a
finite set [v]l generates a proper ideal of C
∗(E,L, E).
Proof. Let I be the ideal of C∗(E,L, E) generated by the projection p[v]l .
Suppose I = C∗(E,L, E). Then there exists anX ∈ I such that ‖s∗asa−X‖ <
1. Let X =
∑m
i=1 ci(sαipAis
∗
βi
)p[v]l(sγipBis
∗
δi
), ci ∈ C. Then
V = ∪mi=1r([v]l, βi) ∪ ∪
m
i=1r([v]l, γi)
is a finite set since E is locally finite, and V ∈ E . Hence the set
W := {s(σi) | L(σi) = αi, r(σi) ∩ V 6= ∅, σi ∈ E
≥1, i = 1, 2, . . . ,m}
is also finite. Since r(a)\V (∈ E) is an infinite set, one can choose w ∈ r(a)\V
and k ≥ 1 such that [w]k ∩W = ∅. Then r([w]k, αi) ∩ r([v]l, βj) = ∅ for all
i, j = 1, . . . ,m and p[w]k ≤ pr(a) = s
∗
asa. Thus
p[w]k(sαipAis
∗
βi
)p[v]l(sγipBis
∗
δi
) = sαipr([w]k,αi)∩Ai∩r([v]l,βi)s
∗
βi
(sγipBis
∗
δi
) = 0
for all i, and then
1 > ‖s∗asa −X‖ ≥ ‖p[w]k(s
∗
asa −X)p[w]k‖ = ‖p[w]k‖ = 1,
ON SIMPLE LABELLED GRAPH C∗-ALGEBRAS 7
a contradiction. 
Example 3.6. Consider the following labelled graph (E,L) of [4, 7.2]:
· · · · · ·• • • • • • •// // // // // //aa aa aa aa aa aa
b b b b b b
c c c c c c
a
v0 v1v−1v−2 v2
For each vertex vk, we have {vk} = r(ab
k) for k ≥ 0 and {vk} = r(ac
k)
for k < 0. Hence [vk]k+1 = {vk} ∈ E
0,− for all k. Despite the fact that
E0,− = {A ⊂ E0 : A = E0 or A is a finite set} and E = E0,− ∪ {B ⊂
E0 : E0 \B is a finite set}, one can show that C∗(E,L, E0,−) ∼= C∗(E,L, E)
applying universal property of C∗(E,L, E0,−) (since C∗(E,L, E) contains
a family of generators that is a representation of C∗(E,L, E0,−)) and the
gauge invariant uniqueness theorem ([3, Theorem 5.3]). Since |r(b)| = ∞,
by Proposition 3.5, C∗(E,L, E0,−) ∼= C∗(E,L, E) is not simple (see Re-
mark 3.15). But (E,L, E0,−) is cofinal and disagreeable (we will discuss
disagreeable labelled spaces later). Note that (E,L, E0,−) is not strongly co-
final. In fact, for [v1]1 = {vk | k 6= 0}, [v0]1 = {v0}, and x = bbb · · · ∈ L(E
∞),
the set r([v1]1, x[1,N ]) is infinite for any N ≥ 1 while ∪
m
i=1r([v0]1, λi) is finite
for any finite number of labelled paths λ1, . . . , λm. Hence it is not possible
to have r([v1]1, x[1,N ]) ⊂ ∪
m
i=1r([v0]1, λi).
Remark 3.7. The ideal I generated by the projection p{v0} in Example 3.6 is
isomorphic to the graph C∗-algebra C∗(E), where E is the following graph.
· · · · · ·• • • • • • •// // // // // //aa aa aa aa aa aa
e−2 e−1 e0 e1 e2 e3
f−2 f−1 f0 f1 f2 f3
g
v0 v1v−1v−2 v2
In fact, the elements
pvn := p{vn}, sen := p{vn−1}sb, sfn := p{vn}sc, sg := p{v0}sa,
n ∈ Z, generates the ideal I and forms a Cuntz-Krieger E-family. Since
C∗(E) is simple, we have I ∼= C∗(E).
Let {sa, pA} be a universal representation of a labelled space (E,L,B)
that generates C∗(E,L,B). Then
pAsα 6= 0 for A ∈ B (A 6= ∅), α ∈ L(AE
≥1). (3)
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In fact, if pAsα = sαpr(A,α) = 0, then s
∗
αsαpr(A,α) = pr(A,α) = 0, but pr(A,α)
is nonzero since r(A,α) ∈ B is non-empty.
Theorem 3.8. Let (E,L, E) be a weakly left-resolving labelled space. If
C∗(E,L, E) is simple, then (E,L, E) is strongly cofinal.
Proof. Suppose that (E,L, E) is not strongly cofinal. Then there are [v]l,
x ∈ L(E∞), and w ∈ s(x) such that
r([w]1, x[1,N ]) * ∪
m
i=1r([v]l, λi) (4)
for all N ≥ 1 and any finite number of labelled paths λ1, . . . , λm. Consider
the ideal I generated by the projection p[v]l . Suppose p[w]1 ∈ I. Then there
is an element
∑m
j=1 cj(sαjpAjs
∗
βj
)p[v]l(sγjpBjs
∗
δj
) ∈ I, cj ∈ C, such that
∥∥
m∑
j=1
cj(sαjpAjs
∗
βj
)p[v]l(sγjpBjs
∗
δj
)− p[w]1
∥∥ < 1. (5)
By Remark 2.3, we may assume that the paths δj ’s in (5) have the same
length. Then
1 >
∥∥ ∑
j
cj(sαjpAjs
∗
βj
)p[v]l(sγjpBjs
∗
δj
)− p[w]1
∥∥
≥
∥∥ ∑
j
cj(sαjpAjs
∗
βj
)p[v]l(sγjpBjs
∗
δj
)p[w]1 − p[w]1
∥∥
=
∥∥ ∑
j
cj(sαjpAjs
∗
βj
)p[v]l(sγjpr([v]l,γj)∩Bj∩r([w]1,δj)s
∗
δj
)− p[w]1
∥∥.
We first show that for each j = 1, . . . ,m
r([w]1, δj) ⊂ ∪
m
i=1r([v]l, γi). (6)
Suppose r([w]1, δj) * ∪mi=1r([v]l, γi) for some j. Then r([w]1, δj)\∪
m
i=1r([v]l, γi) ∈
E is nonempty, hence
pj := pr([w]1,δj)\∪mi=1r([v]l,γi) 6= 0.
Then with J := {i | δi = δj },
1 >
∥∥ (∑
i
ci(sαipAis
∗
βi
)p[v]l(sγipr([v]l,γi)∩Bi∩r([w]1,δi)s
∗
δi
)− p[w]1
)
sδj
∥∥
=
∥∥ ∑
i∈J
ci(sαipAis
∗
βi
)p[v]lsγipr([v]l,γi)∩Bi∩r([w]1,δi) − p[w]1sδj
∥∥
(here we use |δi| = |δj |)
=
∥∥ ∑
i∈J
ci(sαipAis
∗
βi
)p[v]lsγipr([v]l,γi)∩Bi∩r([w]1,δi) − sδjpr([w]1,δj)
∥∥
≥
∥∥ ∑
i∈J
ci(sαipAis
∗
βi
)p[v]lsγipr([v]l,γi)∩Bi∩r([w]1,δi)pj − sδjpr([w]1,δj)pj
∥∥
=
∥∥ sδjpj
∥∥ = 1,
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which is a contradiction and (6) follows. Also δj 6= x[1,|δj|] for each j. In
fact, if δj = x[1,|δj|], then by (6),
r([w]1, x[1,|δj |]) = r([w]1, δj) ⊆ ∪
m
j=1r([v]l, γj),
which contradicts to (4). Thus s∗δi(sx1 · · · sxN ) = 0 for i = 1, . . . ,m, andN =
max1≤j≤m{|δj |}. Then y := p[w]1sx1 · · · sxN is a nonzero partial isometry by
(3) and s∗δiy = s
∗
δi
p[w]1sx1 · · · sxN = pr([w]1,δi)s
∗
δi
(sx1 · · · sxN ) = 0. From (5),
we have
1 >
∥∥ (
m∑
i=1
λi(sαipAis
∗
βi
)p[v]l(sγipBis
∗
δi
)
)
(yy∗)− p[w]1(yy
∗)
∥∥
= ‖yy∗‖ = 1,
a contradiction, and so p[w]1 /∈ I. 
Recall [4] that α ∈ L(E≥1) with s(α) ∩ [v]l 6= ∅ is said to be agreeable
for [v]l if α = βα
′ = α′γ for some α′, β, γ ∈ L(E≥1) with |β| = |γ| ≤ l.
Otherwise α is said to be disagreeable. We call [v]l disagreeable if there is an
N > 0 such that for all n > N there is an α ∈ L(E≥n) that is disagreeable
for [v]l. The labelled space (E,L, E
0,−) is disagreeable if for every v ∈ E0
there is an Lv > 0 such that [v]l is disagreeable for all l > Lv. We say that
a labelled space (E,L,B) is disagreeable if (E,L, E0,−) is disagreeable.
Proposition 3.9. Let (E,L,B) be a labelled space. Then we have the fol-
lowing.
(i) [v]l is not disagreeable if and only if there is an N > 0 such that
every α ∈ L(E≥N ) with s(α) ∩ [v]l 6= ∅ is agreeable for [v]l.
(ii) If [v]k is not disagreeable, [v]l is not disagreeable for all l > k.
(iii) (E,L,B) is disagreeable if and only if [v]l is disagreeable for all l ≥ 1
and v ∈ E0.
Proof. (i) Note that [v]l is disagreeable if and only if there is a sequence
(αn)
∞
n=1 ⊂ L(E
≥1), |α1| < |α2| < · · · , of labelled paths that are disagreeable
for [v]l. So [v]l is not disagreeable if and only if there is an N > 0 such that
every labelled path α with |α| ≥ N and s(α) ∩ [v]l 6= ∅ is agreeable.
(ii) If [v]k is not disagreeable, then there is N > 0 satisfying the condition
in (i). If α ∈ L(E≥N ) and s(α) ∩ [v]l 6= ∅, then s(α) ∩ [v]k 6= ∅ (since
[v]l ⊂ [v]k). Hence α = βα
′ = α′γ for some α′, β, γ ∈ L(E≥1) with |β| =
|γ| ≤ k(< l), which means that [v]l is not disagreeable by (i).
(iii) By definition, (E,L, E0,−) is disagreeable if [v]l is disagreeable for
all v ∈ E0 and l ≥ 1. For the converse, let (E,L, E0,−) be disagreeable.
Suppose that [v]k is not disagreeable for some v ∈ E
0 and k ≥ 1, then [v]l
is not disagreeable for all l > k by (ii), a contradiction. 
If α and α′ are labelled paths such that either α = α′ or α = α′α′′ for
some α′′ ∈ L(E≥1), we call α′ an initial segment of α. If β ∈ L(E≥1), we
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write β∞ for the infinite labelled path ββ · · · ∈ L(E∞). We call β ∈ L(E≥1)
simple if there is no labelled path δ ∈ L(E≥1) such that |δ| < |β| and β = δn
for some n ≥ 1.
Remark 3.10. If γ and δ are simple labelled paths in L(vE≥1) such that
γ|δ| = δ|γ|, then one can show that γ = δ.
Lemma 3.11. Let (E,L,B) be a labelled space and v ∈ E0. If [v]l is not
disagreeable, there exists an N > 1 such that every α ∈ L([v]lE
≥N ) is of the
form α = βjβ′ for some β ∈ L(E≤l) and an initial segment β′ of β. Also
every x ∈ L(E∞) with s(x) ∩ [v]l 6= ∅ is of the form x = β
∞ for a simple
labelled path β ∈ L(E≤l).
Proof. By Proposition 3.9(i) there is an N > 1 such that every α ∈ L(E≥N )
with s(α)∩ [v]l 6= ∅, is of the form α = βα
′ = α′γ for some α′, β, γ ∈ L(E≥1)
with |β| = |γ| ≤ l. If |α′| ≤ |β|, then βα′ = α′γ shows that α′ is an initial
segment of β. If |α′| > |β|, then α = βα′ = α′γ implies that α′ = βα′′,
hence α = βα′ = β2α′′ = βα′′γ. If |α′′| > |β|, we can repeat the argument
until we get α = βkα˜ for some α˜ with |α˜| < β. But we can always form
a (longer) labelled path ασ extending α (with |σ| ≥ |β|) and so the above
argument shows that ασ = βkα˜σ must be of the form βlσ′ for some σ′ with
|σ′| < |β| (l > k). Hence the path α˜ is an initial segment of β and we prove
the assertion.
Let x ∈ L(E∞) and s(x) ∩ [v]l 6= ∅. Then x[1,N+k] = β
mk
(k) β
′
(k) for a
simple labelled path β(k) ∈ L(E
≤l) and its initial segment β′(k). Note that if
|β(k)| ≤ |β(k′)|, β(k) is an initial path of β(k′). Since |β(k)| ≤ l for all k, there
is a subsequence (β(kj))j of (β(k))k such that |β(kj )| = |β(k1)| for all j ≥ 1.
Then with β := β(k1) we finally have x = β
∞. 
If a labelled space (E,L, E) is weakly left-resolving and v ∈ E0, then {v} ∈ E
if and only if [v]l = {v} for some l ≥ 1. In Example 3.6, {v} ∈ E for every
v ∈ E0. Also the following example shows that the condition {v} ∈ E for
every v ∈ E0 does not imply that E = E0,−.
Example 3.12. In the following labelled graph (E,L), we have {vi} ∈ E
for every i = 1, . . . , 6, but {v4} /∈ E
0,−.
•
•
•
44
**
•
•
**44
44
•44**
 a1
a2
a3
a3
a4
a5
a6
a7
v1
v2
v4
v3
v5
v6
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For a labelled path β ∈ L(E≥1), put T (β) := β2β3 · · · β|β|β1 whenever
β2β3 · · · β|β|β1 ∈ L(E
≥1). We write T k(β) for T (T k−1(β)), k ≥ 2, and put
T 0(β) := β.
Lemma 3.13. Let (E,L, E) be a weakly left-resolving and strongly cofinal
labelled space such that {w} ∈ E for every w ∈ E0. If [v]l is not disagreeable,
we have the following.
(a) L(vE∞) = {β∞} for a simple labelled path β ∈ L(E≤l).
(b) | r({v}, α) | = 1 for every α ∈ L(vE≥1).
Proof. (a) By Lemma 3.11, every x ∈ L(vE∞) is of the form x = β∞ for a
simple labelled path β ∈ L(E≤l).
Claim(I) Let x, y ∈ L(vE∞) and x = β∞, y = γ∞ for simple labelled paths
β, γ ∈ L(vE≤l). Then γ = T k(β) for some k ≥ 0 (thus |β| = |γ|).
To prove Claim(I), let x = x1x2 · · · and y = y1y2 · · · , xi, yi ∈ A. Suppoe
there is an N ≥ 1 such that r({v}, x[1,j]) = r({v}, y[1,j]) for all j ≥ N .
Choose m ≥ 1 with m|β||γ| > N and consider the infinite labelled path
z := x[ 1,m|β||γ| ]y[m|β||γ|+1,∞) ∈ L(vE
∞). Then z must be of the form z = σ∞
for a simple labelled path σ ∈ L(vE≤l) and so
z = βm|γ|γ∞ = σ∞. (7)
Since γ and σ are simple, it follows that σ = T k(γ) for some k ≥ 0. Then
|σ| = |γ| and we have βm|γ| = βm|σ| = σm|β| from (7). By Remark 3.10,
it follows that β = σ = T k(γ). Thus |β| = |γ| = |σ|. Then (7) shows
β = γ. Thus if β 6= γ, we may assume that there exists a vertex w ∈
r({v}, y[1,j]) \ r({v}, x[1,j]) for some j large enough with j > |β||γ|. Since
(E,L, E) is strongly cofinal, there is an N1 and a finite number of labelled
paths γ1, . . . , γm such that
r({v}, x[1,N1]) ⊂ r([v]1, x[1,N1]) ⊂ ∪
m
i=1r({w}, γi).
If r({v}, x[1,N1])∩r({w}, γi) 6= ∅, then the labelled path z := y[1,j]γix[N1+1,∞)
must be of the form z = σ∞ for a simple labelled path σ ∈ L(vE≤l). Thus
z = σ∞ = y[1,j]γixN1+1xN1+2 · · · β
∞,
and so σ = T k(β) for some k ≥ 0 because σ and β are simple. Since the
initial segment y[1,j] of z has length j > |β||γ|, z must be of the form
z = σ|γ|σ∞ = γ|σ| · · · σ∞,
hence σ|γ| = γ|σ|. Then by Remark 3.10, σ = γ. Thus γ = T k(β) for some
k ≥ 0, and Claim(I) is proved.
Claim(II) If x = β∞, y = γ∞ ∈ L(vE∞) for simple labelled paths β, γ ∈
L(vE≤l), then β = γ.
Suppose β 6= γ. Then by Claim(I), γ = T k(β) for some k ≥ 1. Let m =
|β| = |γ|. By the first argument in the proof of Claim(I), we may assume
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that there is a vertex u ∈ r({v}, γnγ[1,j]) \ r({v}, β
nβ[1,j]) for some n ≥ 0
and 0 ≤ j ≤ n − 1, here γnγ[1,0] := γ
n and u can be chosen as u 6= v. By
strong cofinality, there exist δ = δ1 · · · δ|δ| ∈ L(E
≥1) and N ≥ 1 such that
r({v}, x[1,N ]) ∩ r({u}, δ) 6= ∅
and
r({v}, x[1,N−1]) ∩ r({u}, δ[1,j]) = ∅ for all 0 ≤ j < |δ|. (8)
(Here r({u}, δ[1,0]) := {u}.) Since x = β
∞, we can write
x = x1x2 · · · xN · · · = ββ · · · xNβ[i,m]β
∞
for some i. Now consider the labelled path
y˜ := γnγ[1,j]δβ[i,m]β
∞ ∈ L(vE∞).
By Claim(I), y˜ = T k(β)∞ for some k ≥ 1, hence xNβ[i,m]β
∞ = δ|δ|β[i,m]β
∞
and we have xN = δ|δ|. Then
∅ 6= r({v}, x[1,N ]) ∩ r({u}, δ)
= r(r({v}, x[1,N−1]), xN ) ∩ r(r({u}, δ[1,|δ|−1]), δ|δ|)
= r(r({v}, x[1,N−1]), xN ) ∩ r(r({u}, δ[1,|δ|−1]), xN ).
But r({v}, x[1,N−1])∩ r({u}, δ[1,|δ|−1]) = ∅ by (8), a contradiction to that the
labelled space is weakly left-resolving, and Claim(II) is proved.
(b) Suppose | r({v}, α) | > 1 for an α ∈ L(vE≥1). Then there are two
paths µ, ν ∈ E≥1 with s(µ) = s(ν) = v and α = L(µ) = L(ν) such that
v1 := r(µ) and v2 := r(ν) are distinct. Let y ∈ L(v1E
∞). Since (E,L, E) is
strongly cofinal, there exist N ≥ 1 and λ1, . . . , λn ∈ L(E
≥1) such that
r([v1]1, y[1,N ]) ⊂ ∪
n
i=1r({v2}, λi).
We can choose λ ∈ {λ1, . . . , λn} with r([v1]1, y[1,N ])∩r({v2}, λ) 6= ∅ and may
assume that
r([v1]1, y[1,j]) ∩ r({v2}, λ[1,i]) = ∅ (9)
for all 1 ≤ j ≤ N and 0 ≤ i < |λ|. Since both αy and αλy[N+1,∞] belong to
L(vE∞), by (a)
αy = αλy[N+1,∞] = σ
∞
for a simple labelled path σ ∈ L(vE≤l). Thus we have
y = λy[N+1,∞] = T
k(σ)∞,
for some k, and we obtain yN = λ|λ|. Note that
r(r({v1}, y[1,N−1]), yN ) ∩ r(r({v2}, λ|λ|−1), λ|λ|)
= r({v1}, y[1,N ]) ∩ r({v2}, λ)
6= ∅
while r({v1}, y[1,N−1]) ∩ r({v2}, λ|λ|−1) = ∅ by (9), a contradiction to the
assumption that (E,L, E) is weakly left-resolving. 
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Theorem 3.14. Let (E,L, E) be a weakly left-resolving labelled space such
that {v} ∈ E for each v ∈ E0. If C∗(E,L, E) is simple, then (E,L, E) is
disagreeable.
Proof. By Theorem 3.8, (E,L, E) is strongly cofinal. Suppose that (E,L, E)
is not disagreeable. Then there exists v ∈ E0 and l ≥ 1 such that [v]l is not
disagreeable by Proposition 3.9(iii). Since {v} ∈ E , by Proposition 3.9(ii)
and Proposition 3.4 we may assume that [v]l = {v}. Then, by Lemma 3.13,
L(vE∞) = {β∞} for a simple labelled path β ∈ L(E≤l) and
| r({v}, α) | = 1 for every α ∈ L(vE≥1). (10)
Now we consider two possible cases (1) and (2).
Case(1) There is a loop µ ∈ E≥1 at a vertex w ∈ {v} ∪ r(L(vE≥1)). We
may assume that µ = µ1 · · ·µ|µ| is a simple loop, that is, r(µi) 6= r(µj) for
i 6= j. Note from Assumption 2.2 and (10) that µ has no exits and there are
vertices uj ∈ E
0, j = 1, . . . , |µ|, such that
r({w},L(µ)[1,j]) = {uj}.
Let A := {u1, . . . , u|µ|}. Then A and {uj} belong to E so that the projections
pA and pj := p{uj}, j = 1, . . . , |µ|, are nonzero and pA is the unit of the C
∗-
subalgebra pAC
∗(E,L, E)pA which is simple as a hereditary C
∗-subalgebra
of a simple C∗-algebra C∗(E,L, E). For γ, δ ∈ L(E≥1), note from (10) that
r(A, γ) ∩ r(A, δ) 6= ∅ ⇐⇒ r(A, γ) = r(A, δ) = {uj}, j = 1, . . . , |µ|. (11)
Also for sγpBs
∗
δ ∈ C
∗(E,L, E), γ, δ ∈ L(E≥1) and B ∈ E , if pA(sγpBs
∗
δ)pA =
sγpr(A,γ)∩B∩r(A,δ)s
∗
δ 6= 0, then sγpr(A,γ)s
∗
δ = sγpjs
∗
δ 6= 0 for some j. Thus we
have
pAC
∗(E,L, E)pA = span{pA(sγpBs
∗
δ)pA | γ, δ ∈ L(E
≥1), B ∈ E }
= span{sγpjs
∗
δ , | γ, δ ∈ L(AE
≥1uj), j = 1, 2, . . . , |µ| }.
But, since pj =
∑
a∈L(ujE1)
sapr(uj ,a)s
∗
a and L(ujE
1) = {L(µj+1)},
sγpj = sγsL(µj+1)pr(uj ,L(µj+1))s
∗
L(µj+1)
= sγL(µj+1)pj+1s
∗
L(µj+1)
for γ ∈ L(AE≥1uj) and j = 1, . . . , |µ| (here j+1 means 1 if j = |µ|), that is,
sγpj ∈ pAC
∗(E,L, E)pA. Also every γ ∈ L(AE
≥1uj) satisfies γ = pj−1γpj,
for some j = 1, · · · , |µ|, where p0 := p|µ| = pw. Thus pAC
∗(E,L, E)pA is the
C∗-algebra generated by the nonzero partial isometries sj := pj−1sL(µj)pj,
j = 1, · · · , |µ| such that
s∗jsj = sj+1s
∗
j+1, s
∗
i sj = 0 (i 6= j), and
|µ|∑
j=1
s∗jsj = pA.
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Hence it is a quotient algebra of C(T)⊗M|µ| which is the graph C
∗-algebra
of the graph with the vertices r(µi) and the edges µi, i = 1, . . . , |µ|. Con-
sidering the restriction of the gauge action γz, z ∈ Z, on C∗(E,L, E) to
pAC
∗(E,L, E)pA, we see by the gauge invariant uniqueness theorem (see [3,
Theorem 5.3]) that pAC
∗(E,L, E)pA ∼= C(T)⊗M|µ|, a contradiction.
Case(2) Suppose that there is no loop at a vertex in {v} ∪ r(L(vE≥1)).
Recall that L(vE∞) = {β∞} for a simple labelled path β ∈ L(E≤l). Then
r({v}, βmβ[1,j]) 6= r({v}, β
nβ[1,k]) for m 6= n or j 6= k. Since C
∗(E,L, E)
is simple, if I denotes the ideal generated by the projection p{v}, then I =
C∗(E,L, E). Hence there exists X ∈ I such that ‖s∗βsβ − X‖ <
1
2 . Write
X =
∑m
i=1 λi(sαipAis
∗
σi
)p{v}(sγipBis
∗
δi
), λi ∈ C. Since
(sαipAis
∗
σi
)p{v}(sγipBis
∗
δi
) = sαipAipr({v},σi)s
∗
σi
sγipr({v},γi)pBis
∗
δi
,
by Lemma 3.11 we may assume that σi’s and γi’s are of the form β
nβ[1,k].
ChooseN1 > 0 large enough so that for every x ∈ L(E
≥N1), the range vertex
set r({v}, x) dose not meet r({v}, σi) or r({v}, γi) for all i = 1, . . . ,m. Then
with {u} = r({v}, βN1) (recall that r({v}, βN1) is a singleton set),
p{u}sαipr({v},σi) = sαipr({u},αi)pr({v},σi) = sαipr({v}, βN1αi)pr({v},σi) = 0
for all i = 1, . . . ,m (since |βN1αi| > |σi|), and so we obtain
1
2
> ‖p{u}(s
∗
βsβ −X)‖ = ‖p{u}pr(β)p{u}‖ = ‖p{u}‖ = 1,
a contradiction. 
Remark 3.15. Let piS,P be a non-zero representation of C
∗(E,L, E), where
E = E or E0,−. Consider a generalized vertex [w]d for which P[w]d is a nonzero
projection in C∗(E,L, E). Since [w]d is the disjoint union of a finite number
of equivalence classes [wi]k whenever k ≥ d, for each k there is an i such
that P[wi]k 6= 0 as noted in the proof of [4, Theorem 6.4]. But it does not
mean that we may assume P[w]d 6= 0 for d ≥ R(w) as claimed there. For
example, consider the labelled graph C∗-algebra C∗(E,L, E) in Example 3.6
and the ideal I generated by the projection p{v0}. Let pi : C
∗(E,L, E) →
C∗(E,L, E)/I be the quotient map (see Remark 3.7). Then
pi(p[vn]1) = pi(pE0\{v0}) 6= 0 for n 6= 0
but pi(p[vn]d) = pi(p{vn}) = 0 for d ≥ R(vn)(≥ 2) and n 6= 0.
Nevertheless, if we assume that (E,L, E) is strongly cofinal and disagreeable,
a slight modification of the proof of [4, Theorem 6.4 and Theorem 5.5] gives
the following theorem.
Theorem 3.16. Let (E,L, E) be a labelled space that is strongly cofinal and
disagreeable, where E = E or E0,−. Then C∗(E,L, E) is simple.
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Corollary 3.17. Let (E,L, E) be a labelled space such that {v} ∈ E for
each v ∈ E0, where E = E or E0,−. Then C∗(E,L, E) is simple if and only
if (E,L, E) is strongly cofinal and disagreeable.
References
[1] T. Bates, J. H. Hong, I. Raeburn and W. Szymanski, The ideal structure of the C∗-
algebras of infinite graphs, Illinois J. Math., 46(2002), 1159–1176.
[2] T. Bates, D. Pask, I. Raeburn, and W. Szymanski, The C∗-algebras of row-finite
graphs, New York J. Math. 6(2000), 307–324.
[3] T. Bates and D. Pask, C∗-algebras of labelled graphs, J. Operator Theory. 57(2007),
101–120.
[4] T. Bates and D. Pask, C∗-algebras of labelled graphs II - simplicity results, Math.
Scand. 104(2009), no. 2, 249–274.
[5] J. Cuntz and W. Krieger, A class of C∗-algebras and topological Markov chains, Invent.
Math. 56(1980), 251–268.
[6] A. Kumjian, D. Pask and I. Raeburn, Cuntz-Krieger algebras of directed graphs, Pacific
J. Math. 184(1998), 161–174.
[7] A. Kumjian, D. Pask, I. Raeburn and J. Renault Graphs, groupoids, and Cuntz-Krieger
algebras, J. Funct. Anal. 144(1997), 505–541.
[8] I. Raeburn, Graph algebras, CBMS. 103, 2005, AMS.
[9] M.Tomforde, A unified approach to Exel-Laca algebras and C∗-algebras associated to
gtaphs, J. Operator Theory 50(2003), 345–368.
[10] M.Tomforde, Simplicity of ultragraph algebras, Indiana Univ. Math. J. 52(2003),
901–926.
Department of Mathematical Sciences and Research Institute of Mathe-
matics, Seoul National University, Seoul, 151–747, Korea
E-mail address: jajeong@snu.ac.kr
Department of Mathematical Sciences, Seoul National University, Seoul,
151–747, Korea
E-mail address: hoya4200@snu.ac.kr
